A new high accuracy non-polynomial tension spline method for the solution of one dimensional wave equation in polar co-ordinates  by Gopal, Venu et al.
Journal of the Egyptian Mathematical Society (2014) 22, 280–285Egyptian Mathematical Society
Journal of the Egyptian Mathematical Society
www.etms-eg.org
www.elsevier.com/locate/joemsREVIEW PAPERA new high accuracy non-polynomial tension spline
method for the solution of one dimensional wave
equation in polar co-ordinates* Corresponding authors.
E-mail addresses: vgopal@zh.du.ac.in, vgopal.zh@gmail.com
(V. Gopal), rmohanty@sau.ac.in (R.K. Mohanty).
Peer review under responsibility of Egyptian Mathematical Society.
Production and hosting by Elsevier
1110-256X ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
http://dx.doi.org/10.1016/j.joems.2013.08.001
Open access under CC BY-NC-ND l
Open access under CC BY-NC-NVenu Gopal a,*, R.K. Mohanty b, L.M. Saha ca Department of Mathematics, Faculty of Mathematical Sciences, University of Delhi, Delhi 110 007, India
b Department of Applied Mathematics, South Asian University, Akbar Bhawan, Chanakyapuri, New Delhi 110 021, India
c IIIMIT, Shiv Nadar University, Chithera, Dadri, Gautam Budh Nagar, UP 203 207, IndiaReceived 25 October 2012; revised 22 January 2013; accepted 7 August 2013
Available online 3 October 2013KEYWORDS
Wave equation in polar co-
ordinates;
Non-polynomial tension
spline;
Maximum absolute errorsAbstract In this paper, we propose a new three-level implicit nine point compact ﬁnite difference
formulation of O(k2 + h4) based on non-polynomial tension spline approximation in r-direction
and ﬁnite difference approximation in t-direction for the numerical solution of one dimensional
wave equation in polar co-ordinates. We describe the mathematical formulation procedure in
details and also discuss the stability of the method. Numerical results are provided to justify the
usefulness of the proposed method.
2010 MATHEMATICS SUBJECT CLASSIFICATION: 65M06; 65M12
ª 2013 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.
D license.Contents
1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
2. Non-polynomial tension spline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 281
3. The ﬁnite difference method based on non-polynomial tension spline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 282
4. Stability analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 283
5. Numerical illustrations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 284icense.
A new high accuracy non-polynomial tension spline method for the solution of one dimensional 2816. Final remarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285
Acknowledgement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 285
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2851. Introduction
We consider the one-dimensional wave equation in polar form
utt ¼ urr þ c
r
ur  c
r2
uþ fðr; tÞ; 0 < r < 1; t > 0 ð1Þ
with the following initial conditions
uðr; 0Þ ¼ /ðrÞ; utðr; 0Þ ¼ uðrÞ; 0 6 r 6 1 ð2Þ
and the boundary conditions
uð0; tÞ ¼ p0ðtÞ; uð1; tÞ ¼ p1ðtÞ; tP 0: ð3Þ
We assume that the conditions (2) and (3) are given with suf-
ﬁcient smoothness to maintain the order of accuracy in the
numerical method under consideration.
The numerical solution of 1D wave equation in polar co-
ordinates is of great importance in many ﬁeld of engineering
and sciences. During the last three decades, there has been
much effort to develop stable numerical methods based on
spline approximations for the solution of the differential equa-
tions. Fyfe [1], Jain and Aziz [2,3], Al-said [4,5], Khan and Aziz
[6] and Kadalbajoo and Aggarwal [7] have studied the solution
of two point boundary value problems by using cubic spline
method. Kadalbajoo et al. [8–10], Marusˇic´ [11] and Khan
and Aziz [12] have developed the tension spline method for
the numerical solution of singular perturbed boundary value
problems. Mohanty et al. [13,14] on both uniform as well as
non-uniform mesh have used tension spline to ﬁnd the numer-
ical solution of singular perturbed boundary value problems.
The computational techniques based on cubic spline are dis-
cussed in detail by Khan et al. [15] and Kumar and Srivastava
[16] for the differential equations. Raggett and Wilson [17] and
Fleck [18] studied wave equations using cubic splines. Re-
cently, Rashidinia et al. [19], Ding and Zhang [20] and Mohan-
ty and Gopal [21–23] have studied cubic spline and compact
ﬁnite difference method for the numerical solution of the
hyperbolic problems. More recently, Rashidinia and Moham-
madi [24,25] have formulated the solution of nonlinear Klein-
Gordon and Sine-Gordon equation by using tension spline. In
this present paper, we follow the idea of Jain et al. [3,26] butFigure 1 Schematic representation of three-level implicit scheme.used non-polynomial tension spline approximation to develop
order four method for the solution of wave equation in polar
co-ordinates with signiﬁcant ﬁrst order derivative term. We
have shown that our method is in general of order four but
for the sake of computation of the result, we have used the
consistency of the ﬁrst order continuity condition.
In this paper, using nine grid points (see Fig. 1), we discuss
a new three level implicit non-polynomial tension spline ﬁnite
difference method of O(k2 + h4) for the solution of one dimen-
sional wave equation in polar co-ordinates. In this method, we
require only three evaluation of function G (as mentioned in
Section 3). In Section 2, we discuss the non-polynomial tension
spline approximations. In Section 3, we discuss the method in
detail for the solution of wave equation in polar co-ordinates
based non-polynomial tension spline in r-direction and central
ﬁnite difference approximation in t-direction. In Section 4, we
have discussed the stability analysis of the proposed method.
Difﬁculties were experienced in the past for the high order
spline approximation for the solution of wave equation in po-
lar coordinates. The solution usually deteriorates in the vicin-
ity of the singularity. In this section, we modify our technique
in such a way that the solution retains its order and accuracy
everywhere in the solution region. In Section 5, we discuss
the higher order approximation at ﬁrst time level, in order to
compute the proposed numerical method of same accuracy
and compare the numerical results of proposed high accuracy
non-polynomial tension spline ﬁnite difference method with
the corresponding second order accuracy non- polynomial ten-
sion spline method. Concluding remarks are given in Section 6.
2. Non-polynomial tension spline
Let Sj(r) be the non-polynomial tension spline of the function
u(r, t) at the grid point (rl, tj), and is given by
SjðrÞ ¼ajl þ bjlðr rlÞ þ cjlðexðrrlÞ  exðrrlÞÞ þ djlðexðrrlÞ
þ exðrrlÞÞ;
rl 6 r 6 rlþ1; l ¼ 0; 1; 2; . . . ;Nþ 1; j ¼ 1; 2; . . . ; J;
ð4Þ
where ajl; b
j
l; c
j
l and d
j
l are constants and x is arbitrary parame-
ter which satisﬁes at jth-level. Sj(r) is a class of C
2[0,1] which
interpolates u(r, t) at the grid point (rl, tj).
The derivatives of non-polynomial tension spline function
Sj(r) are given by
S0jðrÞ ¼ bjl þ xcjlðexðrrlÞ þ exðrrlÞÞ þ xdjlðexðrrlÞ  exðrrlÞÞ;
l ¼ 1; 2; . . . ;Nþ 1; j ¼ 1; 2; . . . ; J; ð5Þ
S00j ðrÞ ¼ x2 cjlðexðrrlÞ  exðrrlÞÞ þ djl exðrrlÞ þ exðrrlÞ
  
;
l ¼ 1; 2; . . . ;Nþ 1; j ¼ 1; 2; . . . ; J; ð6Þ
where
Mjl ¼ S00j ðrlÞ; l ¼ 0; 1; 2; . . . ;Nþ 1; j ¼ 1; 2; . . . ; J: ð7Þ
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Ujl;U
j
lþ1;M
j
l and M
j
lþ1 we use
SjðrlÞ ¼ Ujl; Sjðrlþ1Þ ¼ Ujlþ1; Mjl ¼ S00j ðrlÞ;
Mjlþ1 ¼ S00j ðrlþ1Þ:
From algebraic manipulation, we get
ajl ¼ Ujl 
Mjl
x2
; bjl ¼
Ujlþ1 Ujl
h
þM
j
l Mjlþ1
xh
;
cjl ¼
2Mjlþ1  ðeh þ ehÞMjl
2x2ðeh  ehÞ ; d
j
l ¼
Mjl
2x2
;
where h= xh and l= 0, 1, 2, . . . , N  1.
Using the continuity of the ﬁrst derivative at (rl, tj), that is
S0jðrlÞ ¼ S0j rlþð Þ, we obtain the following relation for l= 1,
2, . . . , N  1,
Ujlþ1  2Ujl þUjl1
h2
¼ aMjlþ1 þ 2bMjl þ aMjl1; ð8Þ
where
a ¼ 1
h2
1 2hðeh  ehÞ
 
;
b ¼ 1
h2
hðeh þ ehÞ
ðeh  ehÞ  1
 
and h ¼ xh:
When xﬁ 0, that is hﬁ 0, then ða; bÞ ! 1
6
; 1
3
 
, and the rela-
tion (8) reduces to ordinary cubic spline relation
Ujlþ1  2Ujl þUjl1 ¼
h2
6
Mjlþ1 þ 2Mjl þMjl1
 
:
Now,
mjl ¼ S0jðrlÞ ¼ Ujrl ¼
Ujlþ1 Ujl
h
 h aMjlþ1 þ bMjl
 
;
rl 6 r 6 rlþ1 ð9Þ
and replacing ‘h’ by ‘h’, we get
mjl ¼ S0jðrlÞ ¼ Ujrl ¼
Ujl Ujl1
h
þ h bMjl þ aMjl1
 
;
rl1 6 r 6 rl: ð10Þ
Combining (9) and (10), we obtain
mjl ¼ S0jðrlÞ ¼ Ujrl ¼
Ujlþ1 Ujl1
2h
 ah
2
Mjlþ1 Mjl1
 
: ð11Þ
Further, from (9), we have
mjlþ1 ¼ S0jðrlþ1Þ ¼ Ujrlþ1 ¼
Ujlþ1 Ujl
h
þ h bMjlþ1 þ aMjl
 
; ð12Þ
and from (10), we have
mjl1 ¼ S0jðrl1Þ ¼ Ujrl1 ¼
Ujl Ujl1
h
 h bMjll þ aMjl
 
: ð13Þ
Note that, (8, 11, 12 and 13) are important properties of the
non-polynomial tension spline function Sj(r).
3. The ﬁnite difference method based on non-polynomial tension
spline
The solution domain [0,1] · [t> 0] is divided into (N+ 1) · J
mesh with the spatial step size h= 1/(N+ 1) in r-directionand the time step size k> 0 in t-direction respectively, where
N and J are positive integers. The mesh ratio parameter is gi-
ven by k= (k/h) > 0. Grid points are deﬁned by
(rl, tj) = (lh, jk), l= 0, 1, 2, . . . , N+ 1 and j= 0, 1, 2, . . . , J.
The notations ujl and U
j
l are used for the discrete approxima-
tion and the exact value of u(r, t) at the grid point (rl, tj),
respectively.
For the derivation of the non-polynomial tension spline ﬁ-
nite difference method for the solution of differential Eq. (1),
we follow the ideas given by Jain et al. [3,26] for two-point
boundary value problems with signiﬁcant ﬁrst derivative term
using cubic spline. We use the non-polynomial spline
approximations in r-direction and second order ﬁnite differ-
ence approximation in t-direction.
At the grid point (xl, tj), we may write the differential Eq.
(1) as
Ujttl Ujrrl ¼ Gðrl; tj;Ujl;UjrlÞ  Gjl; ðsayÞ ð14Þ
where Gðr; t; u; urÞ ¼ cr ur  cr2 uþ fðr; tÞ and at the same grid
point , we denote
wjl ¼
@G
@Ur
 j
l
:
We consider the following approximations
Ujtl ¼ Ujþ1l Uj1l
 
=ð2kÞ ¼ Ujtl þOðk2Þ; ð15:1Þ
Ujtl1 ¼ Ujþ1l1 Uj1l1
 
=ð2kÞ ¼ Ujtl1 þOðk2  k2hÞ; ð15:2Þ
Ujttl ¼ Ujþ1l  2Ujl þUj1l
 
=ðk2Þ ¼ Ujttl þOðk2Þ; ð15:3Þ
Ujttl1 ¼ ðUjþ1l1  2Ujl1 þUj1l1Þ=ðk2Þ
¼ Ujttl1 þOðk2  k2hÞ; ð15:4Þ
Ujrl ¼ U
j
lþ1 Ujl1
 
=ð2hÞ ¼ Ujrl þ
h2
6
Ujrrrl þOðh4Þ; ð16:1Þ
Ujrl1 ¼ 3Ujlþ1  4Ujl Ujl1
 
=ð2hÞ
¼ Ujrl1 
h2
3
Ujrrrl þOðh3 þ h4Þ; ð16:2Þ
Gjl ¼ G xl; tj;Ujl;Ujrl
 
; ð17:1Þ
Gjl1 ¼ G rl1; tj;Ujl1;Ujrl1
 
: ð17:2Þ
Since the derivative values of Sj(r) deﬁned by (8, 11, 12 and 13)
are not known at each grid point (rl, tj), we use the following
approximations for the derivatives of Sj(r). Let
Mjl ¼ Ujttl  Gjl; ð18:1Þ
Mjl1 ¼ Ujttl1  Gjl1; ð18:2Þ
m^jl ¼
Ujlþ1 Ujl1
2h
 ah
2
Mjlþ1 Mjl1
 
; ð19:1Þ
m^jl1 ¼ 
Ujl1 Ujl
h
 h bMjl1 þ aMjl
 
: ð19:2Þ
Now we deﬁne the following approximations
bGjl ¼ G xl; tj;Ujl; m^jl ; ð20:1ÞbGjl1 ¼ G rl1; tj;Ujl1; m^jl1 ; ð20:2Þ
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Ujl ¼ SjðrlÞ, approximation of its ﬁrst order space derivative
deﬁned by (19.1) and (19.2) in r-direction.
With the help of the approximations (15.1) and (16.1), from
(17.1), we obtain
Gjl ¼ G rl; tj;Ujl;Ujrl þ
h2
6
Ujrrrl þOðh4Þ
 
¼ G rl; tj;Ujl;Ujrl
 þ h2
6
Ujrrrlw
j
l þOðh4Þ
¼ Gjl þ
h2
6
Ujrrrlw
j
l þOðh4Þ: ð21:1Þ
Similarly,
Gjl1 ¼ Gjl1 
h2
3
Ujrrrlw
j
l þOðk2 þ h4Þ: ð21:2Þ
Now using the approximations (18.1) and (18.2), (21.1) and
(21.2), and simplifying (19.1), we get
m^jl ¼ mjl þOðk2 þ h4Þ: ð22:1Þ
Similarly,
m^jl1 ¼ mjl1 þOðk2 þ h4Þ: ð22:2Þ
Now, with the help of the approximations (15.1) and (22.1),
from (20.1), we obtainbGjl ¼ G rl; tj;Ujl;mjl þOðk2 þ h4Þ 
¼ G rl; tj;Ujl;mjl
 þOðk2 þ h4Þ ¼ Gjl þOðk2 þ h4Þ: ð23:1Þ
Similarly,bGjl1 ¼ Gjl1 þOðk2 þ h4Þ: ð23:2Þ
Then at each grid point (rl, tj), a non-polynomial tension spline
ﬁnite difference method of Numerov type with accuracy of
O(k2 + h4) for the solution of differential Eq. (1) may be writ-
ten as
6k2 Ujlþ1  2Ujl þUjl1
  ¼ k2
2
Ujttlþ1 þUjttl1 þ 10Ujttl
 
 k
2
2
bGjlþ1 þ bGjl1 þ 10 bGjlh i
þ bTjl: ð24Þ
Using the approximations 15.3 and 15.4, (23.1) and (23.2),
from (24), we obtain the local truncation errorbTjl ¼ 6k2 Ujlþ1  2Ujl þUjl1 
 k
2
2
Ujttlþ1 þUjttl1 þ 10Ujttl
 
þ k
2
2
Gjlþ1 þ Gjl1 þ 10Gjl
 þOðk4 þ k2h4Þ: ð25Þ
Now substituting the values Gjl ¼ Ujttl Ujrrl and
Gjl1 ¼ Ujttl1 Ujrrl1 in (25), and then using Taylor’s expan-
sion of Ujl1;U
j
ttl1 and U
j
rrl1 at the grid point (rl, tj) in (25),
i.e., using the values
Ujl1 ¼ Ujl  hUr þ
h2
2
Urr  h
3
6
Urrr þ h
4
24
Urrrr Oðh5Þ;
Ujrrl1 ¼ Ujrrl  hUrrr þ
h2
2
Urrrr Oðh3Þ; etc:;
we obtain the local truncation error bTjl ¼ Oðk4 þ k2h4Þ.Note that, the initial and Dirichlet boundary conditions are
given by (2) and (3), respectively. Incorporating the initial and
boundary conditions, we can write the method (24) in a tri-
diagonal matrix form and can be solved using Gauss-elimina-
tion (tri-diagonal solver) method [27].
4. Stability analysis
We can write the non-polynomial spline method (24) as
follows by neglecting the LTE
k2 ujlþ1  2ujl þ ujl1
 
c ¼ k
2
12
ujttlþ1 þ ujttl1 þ 10ujttl
 
 ck
2
12
1
rlþ1
u^jrlþ1 þ
1
rl1
u^jrl1 þ
10
rl
u^jrl
 	
þ ck
2
12
1
r2lþ1
u^jlþ1 þ
1
r2l1
u^jl1 þ
10
r2l
u^jl
 	
 k
2
12
f jlþ1 þ f jl1 þ 10f jl
 
;
l ¼ 1ð1ÞN; j ¼ 1; 2; . . . ; J; ð26Þ
where the approximations associated with (26) are deﬁned in
Section 3.
Note that the scheme (26) is of O(k2 + h4) accuracy for the
solution of wave Eq. (1). Since r0 = 0, the scheme (26) fails to
compute at l= 1 due to zero division. In order to get a stable
non-polynomial tension spline scheme of O(k2 + h4) accuracy,
we need the following approximations
1
rl1
¼ 1
rl
 h
r2l
þ h
2
r3l
Oðh3Þ; ð27:1Þ
1
rl1ð Þ2
¼ 1
r2l
 2h
r3l
þ 3h
2
r4l
Oðh3Þ; ð27:2Þ
f jl1 ¼ f jl  hf jrl þ
h2
2
f jrrl Oðh3Þ: ð27:3Þ
Now, with the help of the approximations deﬁned in Section 3
and (27.1)–(27.3), neglecting high order terms, we can
re-write the scheme (26) in three-level operator compact
implicit form
S0 þ 1
12
d2r þ S1ð2lrdrÞ
  	
d2t u
j
l
¼ k2 S2d2r þ S3ð2lrdrÞ þ 2S4
 
ujl þ
X
f; l
¼ 1ð1ÞN; j ¼ 1ð1ÞJ; ð28Þ
where
S0 ¼ 1þ ch
2
12r2l
; S1 ¼ 1
2
ch
rl
;
S2 ¼ 1þ cðc 2Þh
2
12r2l
; S3 ¼ S1 þ cð6 cÞh
3
24r3l
;
S4 ¼  ch
2
2r2l
þ cð6 cÞh
4
24r4l
;
X
f ¼ k
2
12
12þ ch
2
r2l
 
fjl þ
ch
rl
fjr l þ h2fjrr l
 	
;
and lru
j
l ¼ 12 ujlþ12 þ u
j
l12

 
and dru
j
l ¼ ujlþ12  u
j
lþ12

 
are averag-
ing and central difference operators with respect to r-direction,
etc. This implies ð2lrdrÞujl¼ ujlþ1ujl1;d2r ujl¼ ujlþ12ujlþujl1;
Table 1 The MAE.
N+ 1 O(k2 + h4)  method O(k2 + h2)-method
c= 1 c= 2 c= 1 c= 2
t= 1 t= 2 t= 1 t= 2 t= 1 t= 2 t= 1 t= 2
16 .5074(06) .1296(05) .4500(06) .1148(05) .8091(05) .2065(04) .7175(05) .1827(04)
32 .3171(07) .8109(07) .2820(07) .7175(07) .2027(05) .5184(05) .1803(05) .4586(05)
64 .1983(08) .5071(08) .1762(08) .4489(08) .5078(06) .1298(05) .4511(06) .1148(05)
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j
l ¼ ujþ1l  2ujl þ uj1l , etc. The non-polynomial tension
spline ﬁnite difference scheme (28) has a local truncation error
of O(k2 + h4) and is free from the terms 1
l1 and hence, it can be
solved for l= 1(1)N, j= 1(1)J in the region 0 < r< 1, t> 0.
For stability of the method (28), we follow the technique
used by Mohanty [28]. We may re-write (28) as
S0 þ 1
12
ðS2d2r þ S3ð2lrdrÞÞ
 	
d2t u
j
l
¼ k2 S2d2r þ S3ð2lrdrÞ þ 2S4
 
ujl þ
X
f: ð29Þ
The additional terms are of high orders and do not affect the
accuracy of the scheme. The exact value Ujl ¼ uðrl; tjÞ satisﬁes
S0 þ 1
12
ðS2d2r þ S3ð2lrdrÞÞ
 	
d2t U
j
l
¼ k2 S2d2r þ S3ð2lrdrÞ þ 2S4
 
Ujl þ
X
f
þOðk4 þ k2h4Þ: ð30Þ
We assume that there exists an error ejl ¼ Ujl  ujl at the grid
point (xl, tj). Subtracting (29) from (30), we obtain the error
equation
S0 þ 1
12
S2d
2
r þ S3ð2lrdrÞ
  	
d2t e
j
l
¼ k2 S2d2r þ S3ð2lrdrÞ þ 2S4
 
ejl þOðk4 þ k2h4Þ: ð31Þ
For stability of the modiﬁed scheme (29), we assume that
ejl ¼ Alei/jeihl (where n= ei/ such that ŒnŒ= 1) at the grid
point (rl, tj), where n is in general complex, h is an arbitrary real
number and A is a non-zero real parameter to be determined.
Substituting ejl ¼ Alei/jeihl in the homogeneous part of the error
Eq. (31), we obtain the ampliﬁcation factor
4 sin2 /
2
 
¼
k2
S2 ðAþ A1Þ cos h 2þ iðA A1Þ sin h
 
þS3 ðA A1Þ cos hþ iðAþ A1Þ sin h
 þ 2S4
" #
S0 þ 112
S2fðAþ A1Þ cos h 2þ iðA A1Þ sin hg
þS3fðA A1Þ cos hþ iðAþ A1Þ sin hg
" # :
ð32Þ
Since left-hand side of (32) is a real quantity, hence the imag-
inary part of right-hand side of (32) must be zero, from which
we obtain
S2ðA A1Þ þ S3ðAþ A1Þ ¼ 0
or
A ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2  S3
S2 þ S3
r
; ð33Þ
where S2 ± S3 > 0. Substituting the values of A and A
1 in
(32),we getsin2
/
2
 
¼
k2½S2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S22  S23
 q ð2 sin2 h
2
  1Þ  S4
2S0  13 ½S2 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S22  S23
 q ð2 sin2 h
2
  1Þ : ð34Þ
Since 0 6 sin2 /
2
 
6 1; max sin2 h
2
  ¼ 1; min sin2 h
2
  ¼ 0, it
follows from (34) that the non-polynomial tension spline ﬁnite
difference scheme (29) is stable if
0 < k2 6
2S0  13 ½S2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S22  S23
q

S2  S4 þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S22  S23
q ð35Þ
leading to ŒnŒ= 1. It is easy to verify that as lﬁ1,
0 < k2 6 1.
5. Numerical illustrations
In this section, we have solved the problem (1)–(3) using the
method described by Eq. (28) and compared our results with
those obtained by the numerical method of O(k2 + h2) accu-
racy based on non-polynomial tension spline approximations
for the solution of 1-D wave equation in polar co-ordinates.
The exact solution is provided. We solve the difference equa-
tion using a tri-diagonal solver. In order to demonstrate the
fourth order convergence of the proposed method, throughout
the computation we have chosen the ﬁxed value of the param-
eter r ¼ k
h2
¼ 3:2. All computations were carried out using dou-
ble precision arithmetic.
Note that, the proposed non-polynomial tension spline
method (28) for 1D wave equation in polar coordinates is a
three-level scheme. The value of u at t= 0 is known from
the initial condition. To start any computation, it is necessary
to know the numerical value of u of required accuracy at
t= k. In this section, we discuss an explicit scheme of O(k2)
for u at ﬁrst time level.
Since the values of u and ut are known explicitly at t= 0,
this implies all their successive tangential derivatives are
known at t= 0, i.e. the values of u, ur, urr, . . . , ut, utr, etc.
are known at t= 0.
An approximation for u of O(k2) at t= k may be written as
u1l ¼ u0l þ ku0tl þ
k2
2
ðuttÞ0l þOðk3Þ ð36Þ
From Eq. (1), we have
ðuttÞ0l ¼ ½urr þ Gðr; t; u; urÞ0l : ð37Þ
Thus using the initial values and their successive tangential
derivative values, from (37) we can obtain the value of ðuttÞ0l ,
and then ultimately, from (36) we can compute the value of
u at ﬁrst time level, i.e. at t= k.
Relation (8) is suitable for solving (1) provided it satisfy the
consistency condition and hence we choose x= 0.001 for the
sake of computation.
A new high accuracy non-polynomial tension spline method for the solution of one dimensional 285We solve Eq. (1) using the method (28) in the region
bounded by 0 < r< 1, t> 0. The exact solution is given
by u(r, t) = r2sinht . The maximum absolute errors (MAE)
[29] are tabulated in Table 1 at t= 1.0 and t= 2.0 and for
c= 1, c= 2.
6. Final remarks
Available numerical methods based on non-polynomial ten-
sion spline approximations for the numerical solution of the
wave equations in polar co-ordinates are of O(k2 + h2) accu-
racy only and require 9-grid points. In this article, using the
same number of grid points and three evaluations of the func-
tion G, we have derived a new stable non-polynomial tension
spline ﬁnite difference method of O(k2 + h4) accuracy for the
solution of the wave equation in polar co-ordinates (1). For
a ﬁxed parameter r ¼ k
h2
, the proposed method behaves like a
fourth order method, which is exhibited from the computed
results.Acknowledgement
The authors thank the reviewers for their valuable suggestions,
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